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UNCERTAINTY PRINCIPLES FOR THE FOCK SPACE 


KEHE ZHU 

Abstract. We prove several versions of the uncertainty principle for 
the Eock space in the complex plane. In particular, for any unit vector 
f in F^, we show that 

dist (/' + zf, [/]) dist (/' - zf, [/])>!, 

where [/] = C/ is the one-dimensional subspace spanned by /. We also 
determine exactly when equality occurs above. 


1. Introduction 

Heisenberg’s Uneertainty Principle in quantum physics states that the po¬ 
sition and velocity (or momentum) of a particle cannot be measured exactly 
at the same time. This has nothing to do with the possible imperfection of 
the measuring instrument. It is simply not possible, in theory, to achieve ex¬ 
act measurements for both at the same time. More specifically, the product 
of the “uncertainty” for the position and the “uncertainty” for the velocity 
(or momentum) of a particle is always greater than or equal to a tiny positive 
constant, namely, h/(47r), where h is Planck’s constant. 

There exist many similar uncertainty principles, or sometimes called in¬ 
determinacy principles, in physics, engineering, and mathematics, that are 
based on position, velocity, momentum, energy, time, and so on. In this 
paper we are going to obtain several versions of the uncertainty principle in 
the context of the Fock space. Not surprisingly, the Fock space is one of the 
significant mathematical tools used in quantum physics. 

Let C be the complex plane C and 

dX{z) = 2e-l^l'dA(z) 

TT 

be the Gaussian measure on C, where dA is ordinary area measure. We 
define the Fock space as follows: 

= L\C,dX)nH{C), 


2010 Mathematics Subject Classification. 30H20. 

Key words and phrases. Fock space, uncertainty principle, Fourier analysis, quantum 
physics, Gaussian functions. 


1 



2 


KEHE ZHU 


where H(C) is the space of all entire functions. See 0| for general proper¬ 
ties of the Fock space. 

The purpose of the paper is to obtain several versions of the uncertainty 
principle for the Fock space. We summarize our results as follows. 

Main Theorem. For any function f E and any real numbers a and b 
we have 

\\f + zf-af\\\\f-zf-tbf\\>\\fr. 

As a consequence, if f is a unit vector in F"^, we also have 

(a) dist (/' + zf, [/]) dist (/' - zf, [/]) > 1. 

(b) ||/' + ^/||||/'-^/|||sin(0+)sin(0_)| > 1. 

(c) (II/'IP + ||^/in|sin(0+)sin(0_)| >1. 

Here [/] is the one-dimensional subspace in spanned by f, and 9± are 
the angles between f and f ± zf. 'We also determine exactly when equality 
holds in each of the cases above. 

Note that the interesting case here is when the function f{z) (or equiv¬ 
alently, the function zf{z)) also belongs to the Fock space which is 
not always the case. See n]. When the function f'{z) is not in F^, each 
of the left-hand sides of the inequalities above is infinite, so the inequality 
becomes trivial. 

I wish to thank Hans Feichtinger and Bruno Torres ani for inviting me 
to CIRM at Luminy, Marseille, in the fall 2014 semester. They introduced 
me to the wonderful area of Gabor Analysis and this research was initiated 
while I was visiting them. 

2. Uncertainty principles eor the Fock space 

Uncertainty principles are usually consequences of the following general 
result from functional analysis. There is no exception here. 

Theorem 1. Suppose A and B are self-adjoint operators, possibly un¬ 
bounded, on a Hilbert space H. Then 

\\{A - a)x||||(F - b)x\\ > ^\{[A,B]x,x)\ (1) 

for all X E Dom (AB) fl Dom (BA) and all a, 6 G M. Here 

[A, B] = AB- BA 

is the commutator of A and B. Furthermore, equality in ([7]) holds if and 
only if {A — a)x and {B — b)x are purely imaginary scalar multiples of one 
another. 

Proof. This is well known. See page 27 of [|3|3l. □ 
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Every time there are natural self-adjoint operators A and B sueh that 
[A, B] is a sealar multiple of the identity operator, an uneertainty prineiple 
arises. We will eonstruet two sueh operators on based on the operator of 
multiplieation by z and the operator of differentiation. 


Lemma 2. Let D : ^ be the operator of differentiation, that is, 

Df = /'. Then its adjoint D* is given by {D*f){z) = zf{z). 

Proof The standard orthonormal basis of is given by 

Zn 


en{z) = 




n = 0,1, 2, • • ■ 


If 


OO 

y Ojn^nt 9 ^ ^ bnCfi^ 

n=0 n=0 

2^ 


/ = E' 


are polynomials (whieh are dense in F ), then 


J CX) 

Df(z) = = F°-u+i'/n+le„(z). 

Also, 

OO , OO 

zgiz) = -p= ^/nbn-ien{z). 

„_n y/n. 


n=0 


n=l 


It follows that 

OO OO 

{Df, g) = Y y/^TTan+ibn = Y VnanK-i = (/, zg). 


n=0 


n=l 


This proves the desired result. 


□ 


It is easy to eheek that [D, D*] = L In faet, 

{DD* - D*D)f = {zff -zf = f (2) 

for all f E F'^ . In the quantum theory of harmonie oseillators, sueh a 
D is ealled an annihilation operator and F* is ealled a ereation operator. 
However, we eannot apply Theorem [Udireetly to the standard eommutation 
relation [D, D*] = I, beeause the operators D and D* are not self-adjoint. 
Thus we eonsider the following two self-adjoint operators on F^: 

A = D + D*, B = i{D-D*). 

More speeifieally, we have 

Af{z) = f'{z) + zf{z), Bf{z) =i{f{z) - zf{z)). (3) 

It follows from [[T]| that, for a funetion / G F^, we have /' G F^ if and only 
if zf G F^. If /' G F^, then both Af and Bf are well defined. If both 
/' + zf and /' — zf are in F^, then by taking the sum and differenee of 
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these two funetions, we see that /' and zf are both in Therefore, the 
interseetion of the domains of A and B eonsists of those funetions / sueh 
that /' (or zf) is still in It is possible to identify the domains of AB, 
BA, and their intersection as well. 

Lemma 3. For the operators A and B defined above, we have [A, B] = 
—2il, where I is the identity operator on F^ and i is the imaginary unit. 

Proof. We have 

AB-BA = i[{D + D*){D - D*) - {D - D*){D + D*)] 

= 2i[D*D - DD*] = -2il. 

The last equality above follows from dH). □ 


We now derive the first version of the uncertainty principle for the Fock 
space. 

Theorem 4. Let f G F^. We have 

\\f' + zf-af\\\\f-zf-tbf\\ > Wff (4) 


for all real numbers a and b. Furthermore, equality holds if and only if there 
exist a positive constant c and a complex constant C such that 


/(z) = Fexp 


c — 1 9 aF ibc \ 

— - -z^ H-z . 

2 (c + 1 ) c + 1 ) 


Proof. The inequality in dH) follows from Theorem[T]and Lemma[3l because 
a and b are arbitrary and 

W-zf) + bf\\ = \\f-zf-tbf\\. 

Also, it follows from Theorem [T] that equality holds in dH) if and only if 
there exists a real constant c such that 

f + zf - af = ic [i{f - zf) + bf] = -c{f - zf) + ibcf, (5) 

which can be rewritten as 


{l + c)f'+[{l-c)z-{a + ibc)]f = 0. ( 6 ) 

If c = —1, the only solution for dH) is / = 0. If c 7 ^ — 1, it is elementary to 
show that the general solution of dH) is given by 


f{z) = Cexp 


c — 1 
2 (c+l) 


+ 


a + ibc 


5 


where C is any complex constant. 


c + 1 


(7) 
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It is well known that every funetion f E satisfies 

\im f{z) exp (-l\zA =0. (8) 

See page 38 of Hi for example. Therefore, a neeessary eondition for the 
funetion in (|7]) to be in is that either C = Oor|c—1| < |c+l|. Sinee c 
is real, this is equivalent to (c — 1)^ < (c + 1)^, or c > 0. When c = 0, the 
funetion in (|71) beeomes 

f[z) = Cexp (^-A^ + aAj. 

Choosing 2 ; = ir, where r —)■ + 00 , and applying ([8]), we eonelude that 
must be zero. This eompletes the proof of the theorem. 


To derive the next version of the uneertainty prineiple for the Foek spaee, 
we now fix some funetion / G F^. Sinee A is self-adjoint, for any real a 
we have 


\\iA-a)fr = \\Afr + \amr-2a{AfJ) 

= mr+ur 



' i(^/,/)K 

(M 

3 

_1 

-1 


> \\Afr- 


2 mj)\^ 


This shows that 


min||(A-a)/||^ = ||A/||^- 


2 mj)? 


aeM. 

and the minimum is attained when 


a = 


m f) 


In other words, we have 

min II/' + ,f-afr^\\f + zff - 

aGR 11/11^ 

and the minimum is attained when 

(f + zf, f) 

“ ll/IP ■ 


Similarly, we have 


min||/'-z/-z6/|p 


min ||i(/' - ^/) +bff 


Wf'-zfr 


2 


O □ 
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and the minimum is attained when 


b 


if - zf, f) . 
II/IP ' 


Specializing to the case when / is a unit vector, we obtain the following 
version of the uncertainty principle. 


Corollary 5 . If f is a unit vector in F'^, then 

(II/' +zff - \{f + zf, muif - zfr - \{f - zf, m > i. 

Furthermore, equality holds if and only if 


f{z)=Cexp 


c — 1 


+ 


a + ibc 


2(c + 1) c + 1 

where c is positive, a and b are real, C is complex, and these constants 
satisfy ||/|| = 1. 


Proof. The desired inequality follows from Theorem |4] and the minimiza¬ 
tion argument following it. Also, by Theorem|4]and the minimization argu¬ 
ment, we see that we can achieve equality if and only if ([5]) is satisfied for 
some positive c and for 

a= {f + zf,f), b =-i{f - zf,f), 

that is, 

f + zf- (/' + zf, /)/ = -c [/' -zf- {f - zf, /)/]. (9) 

If /( 2 ;) is a function in the specified form, then by Theorem 01 we have 
\\r+zf-afr\\f-zf-zbfr = i, 
which together with the minimization argument forces 

(II /'+zff -\{f + zf, f)mf - zfr -!(/' - zf,m = i. 

On the other hand, if this equality holds, then ® holds, which means dH) 
holds with a = {f' + zf, f) and b = {f' — zf, /). Solving equation (jb]) leads 
to the specified form for /. The completes the proof of the corollary. □ 


Corollary 6 . For any f E F"^ we have 


Ilf+ ;./||||/'-^/|| >11/11/ 


Furthermore, equality holds if and only if 


f{z) = Cexp 


( 2 (c+l) 


for some positive c and some complex C, or equivalently, f{z) 
where C is complex and — | < r < |. 
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Proof. This follows directly from Theorem|4]by setting a = 6 = 0. □ 

Since 

ii/'f+11^/11" = i[ii/'+^/f+ii/'-^/in 

> ll/' + 2/llll/'-2/ll. 

it follows from Corollary!^ that 

This is a trivial inequality though, as can easily be seen from the Taylor 
expansion of / and the standard orthonormal basis for However, we 
can modify the argument above to obtain something nontrivial and more 
interesting. 

Corollary 7. For any f & F‘^ and a > 0 we have 

Moreover, equality holds if and only if 

where C is any complex constant. 

Proof. By Corollary we have 

ii/ir < ii\/^(/'+^/)iiii(/'-^/)/\/^ii 

- 2 + ^/)ir + IK/ “ zf)/ \/a|K] 

= ||I/' + .-/IP + T||/'-2/|1^ 

Furthermore, equality holds if and only if 

f + zf = -c{f - zf), WV^if + ^/)|| = IK/ - zf)/^/a\\. 

This is equivalent to 

The proof is complete. □ 

We will comment more on this version of the uncertainty principle in the 
next section. We now obtain several versions of the uncertainty principle 
that are based on the geometric notions of angle and distance. These results 
provide better estimates than those in Corollaries [5] to |71 
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Corollary 8 . Suppose f is any function in F"^, not identically zero, and 6^ 
are the angles between f and f ± zf. Then 

II/' + zfWWf - z/lll sin(0+)sin(0_)| > 

Furthermore, equality holds if and only if 


f{z)=Cexp 


■z^ + 


a + ibc 


2(c +1) c + 1 

where c is positive, a and b are real, and C is complex and nonzero. 
Proof. We actually have 


ll/' + ^/lP 


l(/' + ^/,/)P 


= ll/' + ^/lP 


1 

{f' + zf,f) 


\\r + zf\\\\f\\ _ 


= \\r+zfr{i-cos\e^)) 

= ||/' + z/|psin2(0+). 

The same argument shows that 

II/' - zff - = II/' - zfr sm=(«-). 

The desired result then follows from Corollary [5] and its proof. 

Corollary 9. Suppose f is a unit vector in and 6± are the angles between 
f and /' ± zf in F"^. Then for any a > 0 we have 


□ 


II/' + zSf + T||/' - zl\fj I MO*) sin(«-)l > 1, 


with equality if and only if f satisfies the integral-differential equation ((9]) 
and II/' — zfW = cr||/' + zf\\. In particular, 

(ll/'lP + lk/lP)|sm(9+)sin(9_)|>l, 
with equality if and only if f satisfies the integral-differential equation @ 
and the identity \\f' + zf\\ = ||/' — 2 ;/||. 

Proof. This follows from Corollaries |7] and [ 8 ] and their proofs. □ 

Corollary 10. Suppose f is any function in F"^, not identically zero. Then 

dist (/' - zf, [/]) dist (/' + zf, [/]) > ||/||/ 

where [/] is the one-dimensional subspace ofF^ spanned by f and d{g, X) 
denotes the distance in F^ from g to X. Furthermore, equality holds if and 
only if 


f{z)=Cexp 


■z^ + 


a + ibc 


2(c +1) c + 1 

where c is positive, a and b are real, and C is complex and nonzero. 
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Proof. This is a restatement of Corollary [ 8 l beeause 

dist (/' + zf, [/]) = II/' + z/lll sin(0+)|, 

and 

dist (/' - zf, [/]) = II/' - 2 /|||sin( 0 _)|, 
whieh are elear from elementary observations. □ 

3. Some generalizations 

Traditionally, uneertainty prineiples are stated in terms of real parameters 
a and b. However, Theorem[T]ean easily be extended to the ease of eomplex 
parameters. 

Theorem 11. Suppose A and B are self-adjoint operators, possibly un¬ 
bounded, on a Hilbert space H. Then 

\\{A - a)x\\\\{B - b)x\\ > ^\{[A,B]x,x)\ 

for all X G Dom(zlS) H Dom(i? 74 ) and all complex numbers a and b. 
Moreover, equality holds if and only if both a and b are real, and the vectors 
[A — a)x and {B — b)x are purely imaginary multiples of one another. 

Proof. Write a = Oi + za 2 , where both oi and 02 are real. Then 
||(A —a)a;|p = \\{A — ai)x — ia2x\\‘^ 

= ||(y4 — ai)a;||^ + |a2H|a;||^ 

—ia 2 {x, {A — ai)x) + a 2 i{{A — ai)x, x) 

= ||(A — ai)x\\^ + |a2H|a;||^ > ||(A — ai)a;||^. 

Similarly, 

11(5 — b)x\\^ = 11(5 — bi)x\\^ + 162 ^ 11 ^ 11 ^ > 11(5 — bi)x\\^ 

if 6 = 61 + ib 2 . The desired result then follows from Theorem [T] and its 
proof. □ 

Another extension we want to mention here is that everything we have 
done for the Foek spaee remains valid for any annihilation operator D and 
its assoeiated ereation operator D*. 

Theorem 12. Suppose D is any operator on H such that [D, D*] = I. Then 

\\Dx + D*x — ax\\\\Dx — D*x — ibx\\ > ||a;|p 

for all X G Dom (55*) flDom (5*5) and all real numbers a and b. Equal¬ 
ity holds if and only if there exists a real constant c such that 

Dx + D*x — ax = —c{D*x — Dx) + ibex. 

Proof. This follows from the proofs of Lemma [3] and Theorem m □ 
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Again, it is easy to extend the result to the ease of eomplex parameters, 
and just like the ease of the Foek spaee, several different versions of the 
uneertainty prineiple ean be formulated for sueh a pair of annihilation and 
ereation operators. Details are left to the interested reader. 


4. Further remarks 


As was mentioned at the beginning of Seetion 2, we have an uneertainty 
principle whenever we have two self-adjoint operators whose commutator 
is a constant multiple of the identity. In the case of the Foek space, the 
operators Af = f' + zf and Bf = i{f' — zf) are easily shown to be self- 
adjoint and they have a nice commutation relation. However, our motivation 
actually came from classical Fourier analysis. 

More specifically, the operator X of multiplication by x on L^(R) = 
L^(M, dx) is clearly self-adjoint. It is also well known that the operator 


2'Ki dx 

is self-adjoint on L^(R). Via the so-called Bargmann transform (see OS 
HI), which is an isometric linear transformation from L^(R) onto the Foek 
space it can be shown that X is unitarily equivalent to the operator A/2, 
and D is unitarily equivalent to —B / (27r), where A and B are defined in ® . 
The well-known commutation relation 


[A'. D] 


1 

27ri 


I 


on L^(R) then translates into the commutation relation [A, B] = —2il on 
F^. 

The classical uncertainty principle in Fourier analysis states that 


l|.WI|U||D/f >T||/||2 


for all / G T^(R), with equality holding if and only if 


f{x) = C exp{—TTx'^) 


is a multiple of the standard Gaussian. See Corollary 2.2.3 of iSl and Corol¬ 
lary 1.37 of [|3. Via the Bargmann transform we see that this classical 
uncertainty principle is equivalent to the following inequality on the Foek 
space: 

This is a consequence of our Corollary |7] with the choice of cr = vr. 

Alternatively, we could have obtained all our results for the Foek space 
from the classical uncertainty principle in Fourier analysis via the Bargmann 
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transform. We chose to do things directly in order to avoid unnecessary 
background material that are not familiar to many complex analysts. 

The results in the paper can be generalized to the case of Fock spaces in 
C” with a weighted Gaussian measure 

dXa{z) = j dv{z). 

We leave the details to the interested reader. 

Finally, we remark that it is now natural to raise the problem of estab¬ 
lishing uncertainty principles for other familiar function spaces such as the 
Hardy space and the Bergman space. Equivalently, for such spaces, we want 
to construct natural self-adjoint operators whose commutator is a multiple 
of the identity operator. We intend to continue this line of research in a 
subsequent paper. 
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